to 2 with e odd and k even. Let p be a prime congruent to 1 modulo 21, where 21 -L.C.M. (e, k) . Let # be a fixed primitive root (modp). If a is an integer not divisible by p, the index of a with respect to g is denoted by ind (α) and is the least nonnegative integer b such that a = g b (moάp) . For O^fe, fc ^ Z -1, the cyclotomic number (h, k) t of order I is the number of integers n (1 ^ n ^ p -2) such that ind (n) = ft (mod Z), ind (% + 1) = k (mod I).
Using an idea due to , we prove the following congruence for the index of e modulo k. 
8β
Applying Theorem 1 with e = 3, A; -4, we obtain the following criterion for 3 to be a fourth power (moάp). THEOREM 2. Lei p = 1 (mod 12) be a prime, so that there are integers x and y satisfying (1.1) p -x 2 + 3r , α ΞΞ 1 (mod 3) .
Then Z is a fourth power (modp) if and only if x = 1 (mod 4).
This criterion should be compared with the classical result: 3 is a fourth power (mod p) if and only if Finally, applying Theorem 1 with e = 3, & = 8, we obtain the following new criterion for 3 to be an eighth power (modp). Combining these results, we see that if (3/p) 4 = +1 (equivalently 6 = 0 (mod 3) or x = 1 (mod 4)), we have
2. Proof of Theorem 1* The roots of the congruence (2.1)
where
and so
Next the roots of 
The result now follows from (2.5), (2.7) and (2.8).
3* Proof of Theorem 2* Taking e = 3, & = 4, so that Z = 6, in Theorem 1, we obtain, for p = 1 (mod 12), (3.1) ind ( we have
A<
Hence we have
Since all solutions of (1.2) satisfying (1.3) are given by (see for example [1: p. 13] ) (x, u, v, w) , (x, v, -u, -w) , (x, -u, -v, w) , (x, -v, u, -w) , which completes the proof of Theorem 3.
5* Proof of Theorem 4* Taking e = 3, k = 8 so that I = 12, in Theorem 1, we obtain, for p = 1 (mod 24), (5.1) ind ( (1.4) and (1.5) . gives the cyclotomic numbers of order 12 in terms of x, y, a and 6, as defined above. When m == 0 (mod 6), we must use Tables 9 and 10 of [6] and, when m = 2 (mod 6), we must use Tables 3 and 4 . By considering the cyclotomic numbers (3, 6) 12 in Table 9 ; (2.4) 12 in Table 10 ; (1, 2) 12 in Table 3 ; (2, 8) 12 in Table 4 ; it is easy to check that Whiteman's quantity c = ±1 (see [6: pp. 64-65] ) satisfies c = -1 a = 2 (mod 3) .
We remark that a -φ. 0 (mod 3) as 3 is assumed to be a fourth power (mod p).
Next we set i -1, 2, 3) , + 2 Σ + 3 Σ) + -(p -1) (mod 8). 
